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1. The WDVV prepotential 

In terms of the so-called flat coordinates solution to the 

Witten-Dijkgraaf-Verlinde-Verlinde (WDVV) equations [13], [6] is given 
by a prepotential F{x^,x'^, . . ., x") which satisfies the associativity relations: 

^ d^Fjx) d'Fjx) ^ ^ d^Fjx) d^Fjx) 

^ dx^'dx^dx^ dx^dx'^dxP ^ dx'^dx'^dx^ dx'^dx'^dxP 

5,7=1 '5,7=1 

together with a quasi-homogeneity condition : 

(1 + /ii — /Ua) x°'-Q—^ = (3 — d)F + quadratic terms . (2) 

Q = l 

where i = 1, . . ., n and d are constants . 
Furthermore, expression 



d^F{x) 
dx^dx/^da 



1 = Vaf3 (3) 



2 



HENRIK ARATYN AND JOHAN VAN DE LEUR 



defines a constant non-degenerate metric: g = ??a/3da;"da;^. 

As shown by Dubrovin (e.g. in reference [8]) there is an alternative 
description of the metric in terms of a special class of orthogonal curvilinear 
coordinates ui, . . ., u„ 

n n 

g=Y, Vapdx'^dxf^ = hKu){duif (4) 

a/3=l i=l 

called canonical coordinates. These coordinates allow to reformulate the 
problem in terms of the Darboux-Egoroff metric systems and correspond- 
ing Darboux-Egoroff equations and their solutions. In the Darboux-Egoroff 
metric the Lame coefficients (u) are gradients of some potential and this 
ensures that the so-called "rotation coefficients" 

A, = ^^, i^j, l<i,j<n, (5) 

are symmetric Pij = Pji. The Darboux-Egoroff equations for the rotation 
coefficients are: 

d 

-f3ij = PikPkj, distinct A; (6) 



duk 

n 

duk 



E7w/^.- = 0, ^7^.- (7) 

k=l 



In addition to these equations one also assumes the conformal condition : 

d 

' duk 



d 

J2'^k-^(3ij = -Pij. (8) 

fc=i 



The Darboux-Egoroff equations (6)- (7) appear as compatibility equations 
of a linear system : 



n 



duk 

k=l 

Define the n x n matrices $ = {^ij)i<ij<n, B = {Pij)i<i,j<n and Vi = 
[B , Eii], where {Eij)ke = SikSje. Then the linear system (9)-(10) acquires 
the following form : 

= {zEu + Vi{u))^u,z), i = l,...,n, (11) 

k=l 



= Pik{u)^kj{u, z) i^k (9) 
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Let, furthemore ^{u,z) have a power series expansion 

oo 

Z)=Y^ (u) = (u) + (u) + (^) + . . . (13) 

j=0 

and satisfy the "twisting" condition ; 

z)ry-^$^(M, -z) = I (14) 

Equation (11) implies Ylk=i'^kd^{u, z) /duk = {zU + [B,U])^{u, z), with 
U = X]fc=i ''J-k^kk- For a matrix [i?, U] which is diagonahzable the conformal 
condition (8) leads to 

E" d^(u,z) d^(u,z) . , s 

Wfc— ^ = ^ — Q \-9(u,z)iJL, /x = diag(Aii,...,/Xn) (15) 

k=i ^ 

where is a constant diagonal matrix obtained by a similarity transforma- 
tion from the matrix [S, U]. The constant diagonal elements /Xj entered the 
quasi- homogeneity condition (2). 
Define 

Ct>^{u,z) ^Y.^f,{u)^p^{u,z) = ^W(^)+^4l)(^)+^2^(2)(^)+^3^(3)(^) + _ 

(16) 

then, in terms of the fiat coordinates x^,. . .,x'^ 

n 

^^^\u) = Y,n^f,x^{n) (17) 
/3=1 

and the prepotential is given by a closed expression (see e.g. [1] or [2]): 

F = + ^ (18) 

5=1 



2. The CKP hierarchy 

The CKP hierarchy [5] can be obtained as a reduction of the KP hierarchy, 

= , L], for L = L{t,d) = d, + e^-'^d,~' +i^-^^d,-^ + ■ ■ ■ , 

(19) 
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where x = ti, by assuming the extra condition 

L* = -L. (20) 

By taking the adjoint, i.e., * of (19), one sees that ^ = for n even. 
Date, Jimbo, Kashiwara and Miwa [5], [9] construct such L's from cer- 
tain special KP wave functions tlj{t,z) = P{t, z)e^i^^^'' (recall L{t,d) = 
P{t, d)dP(t, d)~^), where one then puts all even times tn equal to 0. Recall 
that a KP wave function satisfies 

Li^it, z) = zi,{t, z), = (L")+V(i, z), (21) 

and 

Resi){t,z)i)*{s,z) = 0. (22) 
The special wave functions which lead to an L that satisfies (20) satisfy 

'il;*{t,z) = 'ip{i,-z), where = (-)'+Hi. (23) 

We call such a CKP wave function. Note that this implies that L{t, d)* = 
—L{i, d) and that 

Resipit, z)'ip{s,—z) = 0. 

One can put all even times equal to 0, but we will not do that here. 

The CKP wave functions correspond to very special points in the Sato 
Grassmannian, which consists of all linear spaces 

W C H+®H^ = C[z] e z-^C[[z-\ 

such that the projection on has finite index. Namely, W corresponds to 
a CKP wave function if for any f{z),g{z) G W one has Res f{z)g{—z) = 0. 
The corresponding CKP tau functions satisfy T{t) = T{t). 

We will now generalize this to the multi-component case and show that 
a CKP reduction of the multi-component KP hierarchy gives the Darboux- 
Egoroff system. The n component KP hierarchy [4], [10] consists of the 

(i) 

equations in t^- , 1 < i < n, j = 1, 2, . . . 

-^L = [{L^aU , L], A^Ck = [{L^Ci)+ , Cfe], (24) 
dtf' dtf 

for the n x n-matrix pseudo-differential operators 

L = . . , Ci = Eu+c\-^h^-^+c\-^^d^-^+- ■ ■ , 

(25) 
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1 < i < n, where x = t^^^ +tf'^ + ■ ■ • + 4"^- The corresponding wave function 
has the form 

(n oo \ 
J2 Yl tf^^^ii ' where P{t, z) = I+P^'^^ • • , 

i=\ 3=1 ) 

and satisfies 

L^{t, z) = z^i^t, z), Ci^{t, z) = ^{t, z)Eu, = {L^CiU^it, z) 

dtf 

(26) 

and 

Res-^{t,z)-^*{s,zf = 0. 

From this we deduce that L = P{t,d^)d^P{t,d^)-^ and Ci = P{t,d^)EiiP{t,d:c)~^. 
Using this, the simplest equations in (26) are 

= {zEii + Viit))^{t, z), (27) 

where Vi{t) = [B{t),Eii] with B{t) = P(~^)(t). In terms of the matrix 

coefficients (3ij of B wc obtain (6) for m = t^^ . 

The Sato Grassmannian becomes vector valued, i.e., 

H+®H^ = {c[z\Y e z--^{c[[z-^]]f. 

The same restriction as in the 1-component case (23), viz., 
^{t, z) = **(i, -z), where i« = {-T+H^^ . 
leads to L*{i) = -L{t), C*{i) = Ci{t) and 

Res-^{t,z)^{~s,-zY = {), (28) 



which we call the multi-component CKP hierarchy. But more importantly, 
it also gives the restriction 

A,(t) = /3,i(t). (29) 

Such CKP wave functions correspond to points W in the Grassmannian for 
which 

n 

Resf{zfg{-z) = Res J2fii^)9i{-z) = 

i=l 
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for any /(z) = (/i(z), 72(2:), ...,/„ (2:))'^, g{z) = {gi{z), g2{z), . . . , gn{z))^ G 
W. 

If we finally assume that L = d^, then W also satisfy 
d^{t,z) y^d^{t,z 



-g^-E-^ = M ^WCW (30) 



and thus I3ij satisfies (7) for Ui = t^l\ Now differentiating (28) n times to 
x for n = 0, 1, 2, . . . and applying (30) leads to 

^(i,z)^(i,-z)^ = I. 

These special points in the Grassmannian can all be constructed as follows 
[11]. Let G{z) be an element in GL„(C[z, z~'^\) that satisfies 

G{z)G{-z)'^ = 1, (31) 

then W = G{z)H+. Clearly, any two f{z),g{z) G W can be written as 
fiz) = G{z)aiz), g{z) = G{z)b{z) with a{z),b{z) G H+, then zf{z) = 
zG{z)a{z) = G{z)za{z) G W ^ since za{z) G Moreover, 

Resf{zfg{-z) = Res a{zf G{zf G{-z)h{-z) = Resa{zfb{-z) = 0. 

If we define M{t, z) = '^{t, z)G{z), then one can prove [3], [11] that 

M{t, z) = M(°)(t) + M(i)(t)2 + M(2)(t)z2 + . . . 

We want to change M(t, z) a bit more. However, we only want to do that 
for very special elements in this twisted loop group, i.e., to certain points 
of the Grassmannian that have a basis of homogeneous elements in z. Let 
n = 2m or n = 2m + 1, choose non- negative integers fXi for 1 < i < m and 
define /in+i-j = —l^j and let //m+i = if n is odd. Then take G{z) of the 
form 

G{z) = N{z)S~^ = Nz~^S~^, where = diag(//i, //2, • • • , Mn) 
and N = {nij)i<ij<n a constant matrix that satisfies 

n 

N'^N = Y,{-lY^Ej,n+i-j (32) 

and 

S = (^n,2m+l-£^m+l,m+l+y~] — ^ {Ejj + lEn+l-jj + Ej^n+l-j — iEn+l-j,n+l-j) 

j=l V 
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Then [3] 



ii)d^{t,z) _J^{t,z) 



1=1 j=i '-'^j 



from which one deduces that 

n oo „^ 

EE^-4"S = -ft.- (33) 

i=l j=l ot- 

Define rj = ir]ij)i<ij<n = S'^S = Y17=i Ei,n+i-i and denote by z) = 
M(t, z)S = -^{t, z)G{z)S = ^(t, z)N{z), then z) satisfies the following 
relations: 

^t,z)r]-^^{t,-zf =1 



d<P{t,z) 

dtf 



--{zEii + Vi{t))^t,z) 



i=i 

1=1 j=i '^tj 

(i) (i) 

We next put ty =0 for all i and all j > 1 and = tl , then we 

obtain the situation of Section 1. Define 4>aiu, z) as in (16), then 4>^a\u) = 
Yl^=i Va-yx'^iu) and the function F{u) given by (18) satisfies the WDVV 
equations. 

3. An example 

We will now give an example of this construction, viz., the case that n = 3 
(for simplicity) and i^i = —jiz = 2 and fi2 = 0. Hence, the point of the 
Grassmannian is given by 

0\ 

N{z)H+ = 1 \ H+. 

V zy 

More precise, let rii = {nu, n2i,nsi)^ and ei = (1, 0, 0)"^, 62 = (0, 1, 0)"^ and 
63 = (0, 0, 1)^, then this point of the Grassmannian has as basis 

riiz^"^, niz~^, ni, n2, riiz, n2Z, e^z^ , e2z'^, e^z"^, eiz^, e2Z^, ■■■ . 
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Using this one can calculate in a similar way as in [12] (using the boson- 
fermion correspondence or vertex operator constructions) the wave func- 
tion: 

n oo 



\i=i j=i 



where 



Pij{t,z) =z 



m 



/nii52(t(i)) 


nii5i(t(i)) 


nil 





ni2 


^ 


n2i52(t(2)) 


n2i5i(t(2)) 







"22 





n3i52(i(3)) 









n32 





nii53(t(i)) 


nii52(t(i)) 


nii5i(t«) 


nil 


ni2Si{t(^^) 
n22Si{t(^^) 


"12 




n2i52(t(2)) 


n2i5i(t(2)) 


n2i 


"22 




n3i52(t(3)) 


n3i5i(t(3)) 


nsi 


n325i(t(')) 


"32/ 



and where 



f{t) = det 



The functions Si{x) are the elementary Schur polynomials: 

^3 

S'i(x) = xi, 52(x) = Y+X2, 53(0;) = Y +X2X1 +a;3. 

The tau function fij{t) is up to the sign sign(z — j) equal to the above 
determinant where we replace the j-th. row by 

(n,i5i(t») na O) . 

Next wc put all higher times t^j^ for j > 1 equal to and write Ui for 
Then using the orthogonality-like condition (32) of the matrix N to reduce 
long expressions, the wave function becomes: 



{U,Z) = il + ^ [(-""^f ^ + 'W^i\ui + Uj) - W^i^iUj^ z ^ 

\ ^ ^ i,j = l 



Ui - 



{2)\ .-2 



where, for convenience of notation, we have introduced some new "vari- 
ables" 



(fe) 1 



=1 
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and where 

( \ (3) (1) (2) (2) 

t(u) = w\ w\ — w\ w\ . 
Note that in this way we also have determined the rotation coefHcients 

a 1 (3) , (2)/ , N (1) \ 

f^ij = +w\'(ui + Uj) - w\ 'uiUjj nuriji, 

which is a new solution of order 3 of the the Darboux-Egoroff equations. 

Recall that rj = Yli=i^iA-i- straightforward but tedious to 

determine the flat coordinates x°' and the (f)a^ for j > 1. One finds that for 
^ > andp = 1,2,3: 

~ 2{i-l)\T 



(34) 



and 

(pp — (>p3, <pp — ~°p3 2:^, (pp ~ P^2r' 

where 

(2) (3) (1) (4) 
Tl =Wl Wi — Wl Wl 

(2) (4) . (3)x2 
T2 =Wl 'Wl ' — [w\ '). 

Note that (34) also holds for p = 1 and £ = 1,2, it is easy to verify that 
</,(-i) = ) = 0. Using (17), one has the following flat coordinates: 

1 n 

" =-27' 



2r 



f (3) , (2) , 

'-1^ \J^2 + ^1"'2 + ^2W^ 'j , (36) 

1 / (5) , (4) , (3)N 

= — yTW\ + TiW\ + T2W\ ' j , 

Prom all this it is straightforward to determine F{u), given by (18): 



16r2 

Tl 



( (5) , (4) , (3)^ 

( (6) , (5) , (4)\ 



( (7) , (6) , (5)\ 

, 1 / (3) , (2) , ( (4) , (3) , (2)^ 
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We shall not determine the explicit form of this prepotential in terms of 
the canonical coordinates here, because it is quite long. However, there is a 
problem even in this "simple" example. We do not know how to express the 
cannonical coordinates Ui in terms of the flat ones, the a;"'s and thus cannot 
express F in terms of the flat coordinates. Hence we cannot determine the 
desired form of F. This can be solved in the simplest example, see [12], viz. 
the case that = —/in = 1 and all other //j = 0. This gives a rational 
prepotential F (in terms of the flat coordinates). 
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